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Variation of Entrainment in Annular Jets

John M. Kuhlman*
West Virginia University, Morgantown, West Virginia

Mean velocity distributions for axisymmetric circular and annular jets entering a stagnant ambient have been
obtained, from which centerline velocity decay and jet width growth data have been extracted. In all instances,
linear width growth and inverse centerline velocity decay laws are observed in the far field. The annular jet results
in enhanced near-field mixing, as indicated by a consistent inward shift of the virtual origin. Also, far-field
centerline velocity decay and jet width growth occur more quickly for the annular jet than for the circular jet. This
is true even when the data are rescaled using characteristic length and velocity scales formed from the integrated
initial jet mass flux and momentum flux. More importantly, far-field entrainment rates for some annular jet
configurations are increased by more than 40% relative to the circular jet entrainment rate. It is believed that this
is the result of enhancement of the near-field wake vortex train in the lee of the centerbody used to create the
annular jet.

Nomenclature
60 5 = jet semiwidth
D = nominal jet exit diameter (2.54 cm)
Def = effective jet diameter, Eq. (1)
F = jet momentum flux
K-L = jet semiwidth growth rate
K2 = centerline velocity decay rate
/ = characteristic length scale for incompressible,

nonbuoyant jet, Eq. (2)
m = initial jet mass flux
p = jet exit pressure
Q = initial jet volume flux
R = gas constant
r = radial coordinate
T0 = stagnation temperature
U = mean axial velocity
x = axial coordinate
y = specific heat ratio
p = density

Introduction

SEVERAL different methods have been demonstrated to
alter the entrainment rates for simple planar or circular

jet geometries.1"11 For smooth exit conditions at relatively low
Reynolds numbers, increasing jet Reynolds number con-
sistently results in a small (order of 10%) decrease in entrain-
ment, for both circular1"3 and planar3'4 geometries. Jet exit
turbulence level at fixed Reynolds number increases entrain-
ment more significantly (20%)3'5 for a planar jet. Swirl can
result in a doubling of entrainment for the round jet.6 Even
larger increases of entrainment (as much as a factor of four)
have been achieved for the planar jet due to unsteady, peri-
odic forcing by either a small airfoil7'8 or a fluidic nozzle
approach.9 Acoustic, periodic forcing of a circular jet in-
creased entrainment somewhat, but only in the near field.10

Similarly, for an axisymmetric jet having a nommiform initial
mean velocity profile (annular jet), near-field entrainment was
enhanced somewhat, with little variation in entrainment in the
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far field.11 Far-field velocity decay and width growth rates
were the same as for a circular jet, but virtual origins were
shifted inward.11

In the present work, results are presented for entrainment
rates for annular jets, where not only is near-field mixing
enhanced (as indicated by an inward shift of the virtual
origin), but in one instance the far-field entrainment rate is
increased by 43% relative to the round jet. It is believed that
this enhanced entrainment is primarily the result of enhance-
ment of the wake vortex train12"15 in the annular jet, rather
than due to any variation in behavior of the jet vortex
train.10'16"21 Similar results have recently been briefly presented
in preliminary form in Ref. 3. Also, Tsang22'23 has reported
results for annular jets in a cross flow, where a related concept
was used to reduce entrainment; however, actual entrainment
rates were not measured in that work.

Apparatus
The present work was performed with the same flat plate,

nozzle, and transducers used in Refs. 24 and 25. For this
study, the plate was mounted horizontally between two
laboratory tables 0.80 m (2.63 ft) from the floor. A 1.45 m
(4.75 ft) diameter by 0.91 m (3 ft) high circular screen of mesh
size 1.6 mm (0.063 in.) was placed symmetrically around the
plate to damp out disturbances in the entrained jet flow due to
room pressure variations caused by the opening or closing of
building doors. Also, all data were taken at night when few
people were using the building. The laboratory ceiling was 4.3
m (14 ft) above the plane of the flat plate. The plate was fitted
with 226 static pressure taps located on rays emanating from
the jet orifice center, for measurement of the jet-induced
pressure distributions described in Refs. 24 and 25. The plate
surface was smoothed and filled with epoxy, resulting in the
removal of an elliptical low region in the plate around the jet,
which had been created by continual polishing of the plate
during previous studies (Refs. 26-28). This was necessary to
insure a symmetrical pressure distribution on the plate
surface.24'25

The jet exited perpendicular to the plate through a ma-
chined circular orifice 2.54 cm (1.00 in.) in diameter D. The
nozzle center was located 0.6 m (2 ft) from the rounded edge
of the plate halfway across the 0.915 m (3 ft) dimension of the
plate. The air jet issued from a 0.14 m (0.466 ft) diameter
plenum chamber supplied by an air compressor through a
smoothly contoured 30:1 area ratio contraction nozzle. A
sectional view of the plenum and nozzle is shown in Fig. 1. Jet
mass flow rate was measured with a turbine-type flowmeter
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Fig. 1 Cross section of jet nozzle, plenum, and centerbody.

and held constant to within ±0.2% during any one run using
an electronic feedback control, with jet plenum pressure and
temperature and flowmeter rpm as inputs.

Also shown in Fig. 1 is one of the two centerbodies, or
plugs, used to vary the jet exit plane dynamic pressure profiles
and, hence, jet decay rate and width growth. The centerbody
shown is cylindrical with a diameter of 1.9 cm (0.75 in. or 0.75
D), fitted with a hemispherical tip pointed in the jet flow
direction. This centerbody is referred to herein as the hemi-
spherical centerbody. A second centerbody or plug of the
same diameter having a flat tip has also been used. Jet
behavior has been altered by varying the submergence depth
of the tips of these plugs beneath the jet exit/flat-plate plane,
thereby resulting in an annular jet with a relatively low-
momentum region on the jet axis.

A two-degrees-of-freedom traverse fitted with a 1.6 mm
(0.0625 in.) diameter pitot static probe was clamped to a
corner of the flat plate to measure jet dynamic pressures. Total
and static pressure distributions were measured using a capac-
itance-type pressure transducer, digital electronic manometer,
and chart recorder. The pressure transducer was calibrated
using a dead weight tester. Temperatures of the jet and
ambient air were monitored by 0.25 mm diameter chromel
alumel thermocouples. Room air temperature was nominally
294 K (530°R), with jet exit temperatures nominally within 1
K (2°R) of the ambient temperature.

Experimental Procedure
The jet nozzle and plenum were physically aligned to be at

right angles to the plate and were then rigidly mounted to the
plate. This insured axial symmetry of the jet-induced plate
static pressure distribution for the jet configuration with no
centerbody. For nozzle configurations with a centerbody, the
centerbody was first aligned mechanically with respect to the
flat plate and nozzle and then, if necessary, adjusted slightly
to yield both a symmetrical jet exit plane dynamic pressure
distribution and a symmetrical plate surface pressure distribu-
tion. Jet exit plane dynamic pressure profiles were measured
using the pitot static probe located 0.25 D above the jet exit
plane. Airflow rates for each nozzle/centerbody configuration

were adjusted so that maximum jet exit dynamic pressures
were held nearly constant for all configurations. The maxi-
mum jet exit Mach number was nominally 0.4 and the
Reynolds number based on maximum dynamic pressure and
D was nominally 2.7 X 105.

For the various nozzle/centerbody configurations calibrated
as described above, the jet centerline dynamic pressure decay
and lateral mean velocity profiles were measured using the
pitot static probe and traverse. Also, for each of these nozzle/
centerbody configurations, the jet-induced static pressures on
the plate surface were measured using the pressure transducer,
manometer, and recorder, as described in Refs. 24 and 25. In
the present work, the lateral profiles of mean velocity have
been graphically analyzed to extract jet width information for
each configuration. Jet semiwidth bos, has been defined herein
as the local jet radius at which the measured axial velocity
equals one-half of the centerline value. From the measured
centerline velocity and jet semiwidth data, far-field entrain-
ment rates have also been calculated.

Results
All basic results of the present work are presented in the

form of centerline velocity decay curves in Figs. 2 and 3, along
with jet width growth curves in Fig. 4. In Fig. 2 the inverse of
the maximum jet velocity, normalized by the maximum jet
exit velocity, is shown vs the axial distance normalized by the
nominal jet exit diameter, D = 2.54 cm. These data have been
taken from Refs. 24 and 25 and replotted in the present form
to emphasize the proportionality between U(x) and (x)~l in
the fully developed region of the jet. In Fig. 2a, annular jet
configurations due to a flat-tipped centerbody are compared
with the round jet. It is seen that all flat-tip annular jets have
more rapid centerline velocity decay than the round jet and
that all annular jet centerline velocity decay curves are quite
close to one another when plotted vs x/D. Least squares
curve fits to the linear portions of these curves yield
tf(0)/£7(x) = 0.144(jc/0 + 0.87) for the round jet and an
average centerline velocity equation of U(0)/U(x) =
0.250(x/D 4-1.56) for the four annular jets. It is thus seen
that the annular jets have quicker centerline velocity decay, as
well as a slight inward shift of the virtual origin for centerline
velocity decay.

Figure 2b presents similar data for the hemispherical-tipped
centerbody, again compared with the round jet. Again, all of
these annular jet configurations have more rapid centerline
velocity decay than the round jet and an inward shift of the
virtual origin. However, it is noted that, while two configura-
tions (flush and 1.0 D down) have essentially the same center-
line velocity decay as the flat-tipped centerbody results (Fig.
2a), one of these annular jets (the 0.5 D down configuration)
has an even faster centerline velocity decay. Here, curve fits to
the first two hemispherical-tipped configurations yield an
average decay equation of U(Q)/U(x) = Q.26Q(x/D + 1.62),
very close to the average behavior for all flat-tipped configura-
tions. The hemispherical centerbody down 0.5 D, on the other
hand, yields a far-field decay of J7(0)/17(jc) = 0.323(;c/Z>+
1.25).

While these results highlight the more rapid decay of the
annular jet centerline velocity in physical coordinates, they do
not present a logical comparison, since the round jet diameter
D is not a proper choice of characteristic length scale for the
annular jet configurations. Instead, an effective diameter Z>ef
of an equivalent round jet, having the same mass flux and
momentum flux as the annular jet, must be used. As devel-
oped by Ziegler and Wooler,29 this equivalent round jet
diameter is calculated based on isentropic expansion to a
uniform velocity from the same stagnation state to the same
exit pressure as the annular jet, with the same mass and
momentum fluxes, so that29

2RT0-(y-l)(F/m)2/y]
(1)
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Fig. 2a Inverse of centerline velocity decay vs axial
distance normalized by nomial jet diameter D: flat- '
tipped centerbody jets compared with circular jet.
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Fig. 2b Inverse of centerline velocity decay vs axial
distance normalized by nominal jet diameter D:
hemispherical-tipped centerbody jets compared with
circular jet.
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Fig. 3a Inverse of centerline velocity decay vs axial
distance normalized by effective jet diameter Z>ef:
comparison between circular and annular jets due to
flat-tipped centerbody.
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Fig. 3b Inverse of centerline velocity decay vs axial
distance normalized by effective jet diameter Def:
comparison between circular and annular jets due to
hemispherical-tipped centerbody.
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where F is the jet momentum flux or thrust, p the exit
pressure, and T0 the stagnation temperature. Here, F has
been calculated from graphical integration of the jet exit
velocity times the local radius. A similar procedure was used
earlier by Chigier and Beer11 in their annular jet work. This
length scale has been used in earlier work by the author.24"28

It should be noted that this choice of characteristic length
scale for the annular jet is essentially equivalent to that used
in the hydraulics literature,30'31 where a characteristic jet
length scale is formed via dimensional analysis from the initial
volume flux Q and kinematic momentum flux F/p as

1/2
(2)

The centerline velocity data from Fig. 2 have been replotted
vs x/Z>ef in Fig. 3. Visual inspection of these data for the
flat-tipped centerbody configurations (Fig. 3a) indicates that
when correct comparisons between the annular jets and the
round jet are made using Def, the major difference is an
inward shift of the virtual origin for the annular jet, while
far-field decay rate is not greatly different. More careful
comparisons are possible using the least squares curve fit
equations to the linear portions of the curves in Fig. 3 a, as
given in Table 1. Here it is seen that, on average, for the
annular jet configurations the virtual origin is shifted inward
approximately 1.4 Def, while the far-field centerline velocity
decay rate is slightly higher (22%) than for the round jet. This

same trend of inward shift of the virtual origins for annular
jets was also seen by Chigier and Beer.11

Similar centerline velocity results are shown in Fig. 3b for
the hemispherical-tipped centerbody annular jets. Here, even
with the proper choice of characteristic length scale, there are
clear trends toward both the inward shift of the virtual origin
noted in Fig. 3 a and a significant increase in far-field center-
line velocity decay rate, as shown in Table 1. The flush and 1.0
D down hemispherical centerbody configurations have virtual
origins and decay rates similar to the flat-tipped centerbody
configurations. However, the far-field centerline velocity decay
rate for the 0.5 D down hemispherical centerbody configura-
tion is 65% higher than for the round jet.

The above data have been presented previously in Refs. 24
and 25, although they have not been analyzed as herein. The
new data presented in the present work is summarized in Fig.
4, where the measured variations of jet semi width 605, have
been presented for all annular jet configurations for which
centerline velocity decay measurements are shown in Figs. 2
and 3. The jet semi width has been defined here as the radial
location where the local mean axial velocity equals one-half of
the maximum value at each axial position. These new results
have been graphically extracted from lateral traverses of mean
axial velocity at several axial stations for each jet configura-
tion. In Fig. 4, both the jet semi width and axial coordinate
have been normalized by the appropriate characteristic length
scale Z>ef. All jet width growth rates calculated from these

F L A T - T I P P E D CENTERBODY DOWN
FLAT-TIPPED CENTERBODY DOWN

Fig. 4a Jet semiwidth vs axial distance, both nor-
malized by effective jet diameter Z>ef: comparison
between circular and annular jets due to flat-tipped
centerbody.
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Fig. 4b Jet semiwidth vs axial distance, both nor-
malized by effective jet diameter Def: comparison
between circular and annular jets due to hemi-
spherical tipped centerbody.
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Table 1 Far-field centerline velocity decay and jet width growth variation
for round and annular jet configurations

Configuration

jet

Centerline velocity
decay, U(G)/U(x)

Width growth,

Round jtv
Flat-tip flush
Flat-tip 0.375 D down
Flat-tip 0.875 D down
Flat-tip 1.375 D down
Flat-tip average
Hemi-tip flush
Hemi-tip 1.0 D down
Hemi-tip 0.5 D down

0.141(*/A!f + 0-884)
0.183(VAf + °-821)
0.169(jc//>ef + 2.127)

0.0859(jeZ)ef + 1.02)
0.1039(jc/Z)ef+1.15)

0.0962(x/Z)ef+3.58)

0.1079(VAf+L16)
0.1040(VAf + 3-26)

Table 2 Far-field entrainment rates for annular jets
compared to round jet

Entrainment rate,
Configuration

Round jet (present)
Flat- tip flush
Flat-tip 0.375 D down
Flat-tip 0.875 D down
Flat- tip 1.375 D down
Hemi-tip flush
Hemi-tip 1.0 D down
Hemi-tip 0.5 D down

4(l.20)2K?/K2

0.303
0.340
0.335
0.308
0.326
0.369
0.328
0.432

Change, %
—

+ 12
+ 11
+ 2
+ 8

+ 22
+ 8

+ 43

results are identical to those which would be obtained from
curve fits to plots of jet width vs x in physical coordinates.

Jet semiwidth results for the flat-tipped centerbody con-
figurations are compared with jet semiwidth for the round jet
in Fig. 4a. Jet width growth is linear beyond about x/Def = 5.
It appears that all flat-tipped centerbody annular jets have
approximately the same width growth rate as the round jet,
with an inward shift of virtual origin being the major differ-
ence from the round jet. This is confirmed by comparison of
the far-field jet width growth equations given in Table 1, again
obtained from least squares curve fits to the far-field, linear
width growth data. The jet width virtual origin shifts inward
approximately 1.5 Def, on average, for the flat-tipped
centerbody configurations, while the average width growth
rate is 15% higher than the round jet value.

The corresponding jet semiwidth results for the hemi-
spherical-tip centerbody are compared with the round jet
width in Fig. 4b. Again, width growth is linear beyond x/Dcf
= 5 and the annular jet configurations consistently display an
inward shift of the jet width virtual origin. However, there is
also a clear difference between far-field width growth rates for
the hemispherical-tip centerbody annular jets and the round
jet. Here, these annular jets have significantly higher growth
rates, as detailed in Table 1. Note that the 0.5 D down
configuration has a 54% more rapid far-field width growth rate
than the round jet. This data set for the hemispherical-tip
centerbody annular jets is the key result in the present work,
where it is seen that far-field velocity decay rate is increased
by 65% and width growth rate is increased by 54%, for this
one configuration.

Discussion and Conclusions
As described previously in Ref. 3, it is possible to calculate

far-field entrainment rates by assuming the far-field mean
velocity profiles to be similar. Then, ignoring the virtual
origins in the centerline velocity decay and width growth
relationships (Table 1) and assuming Gaussian lateral profiles,
the jet volume flux should be proportional to

exp(-.693r2/b|)

r/b.5 .5 1.0

Fig. 5a Lateral profiles of mean velocity for round jet (no centerbody).

exp(-.693r2/bi)

1.0

Q(x)~«(K}/K2)(x/Da) (3)

Fig. 5b Lateral profiles of mean velocity for hemispherical centerbody
down 0.5 D configuration.

where K^ is the jet width growth rate and K2 the centerline
velocity decay rate. Thus, the quantity 7rK^/K2 becomes a
measure of the entrainment rate into the jet in the far field.
Note that the present technique3 for calculating far-field
entrainment rates differs from previous methods either by
direct measurement of the entrained flow1'32 or by integration
of measured lateral profiles of mean velocity, either faired to
zero or terminated at a radial location where the mean veloc-
ity is a constant fraction of the local centerline value.33
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Typical examples of measured lateral profiles of mean velocity
are shown in Fig. 5a for the round jet and Fig. 5b for the
hemispherical centerbody down 0.5D configuration to il-
lustrate the observed similarity beyond approximately :c//)ef
= 5. Note that estimated measurement errors result in uncer-
tainties in U(r)/U(Q) ranging from 5% near the centerline to
15% beyond r = b0 5.

The calculated far-field entrainment rates have been tabu-
lated in Table 2 for all annular jet configurations studied and
are compared with the corresponding round jet value from the
present work. However, note that the present experimental
results have presented jet semiwidth Z?05 results where the
local velocity equals one-half of the centerline value. Instead,
if Gaussian lateral profiles are assumed, the appropriate jet
semiwidth is the location where the velocity equals l/e times
the cenierline value. This width is a constant factor of 1.2011
times larger than b05. Also, to properly normalize Q(x) such
that g(0) = 1, the volume flux expression, Eq. (3) should be
multiplied by a factor of (4/?7). The actual far-field entrain-
ment rate is then equal to 4(l.2Qll)2K?/K2. The present
calculated far-field entrainment rate for the round jet of 0.303
compares favorably with the direct entrainment measurements
of Ricou and Spalding1 and Hill.32 In both of these studies, a
far-field entrainment rate coefficient of 0.32 was measured. It
is noted that the far-field entrainment rates for all annular jet
configurations are consistently higher than the entrainment
rate for the round jet. This consistent increase in far-field
entrainment rate is in addition to the apparently increased
near-field entrainment, as indicated by the shortening of a
zone of flow establishment and the inward shift of the virtual
origins for centerline velocity decay and jet width growth. It is
this increased far-field entrainment rate for the annular jet, by
as much as 43% compared to an equivalent, uniform, round
jet, that is the key result of the present work. These data
demonstrate one passive means by which significant increases
in jet mixing and entrainment may be achieved. A second
approach is described in Ref. 34.

One plausible explanation for the physical mechanism for
this entrainment increase might be found in recent studies of
the coherent structures or vortex trains found in the near-field
regions of round and annular jets.10'12"21 First, the consistent
and dramatic inward shift of the centerline velocity and jet
width virtual origins, and (qualitatively) the attendant near-
field entrainment increase, might be explained as resulting
from enhancement of the effects due to the jet vortex train of
toroidal; vortices in the outer jet shear layer.10'16"21 On the
other han<i, the increase in far-field entrainment by 43% over
that of the round jet for the hemispherical-tipped centerbody
down 0.5 -D annular jet might be explained as resulting from
enhancement of the wake vortex train12"15 formed in the near
field in the lee of the centerbody. This wake-induced vortex
train was found by Ko and I:am13 to dominate the jet vortices
in the outer shear layer as the effects of the annular nature of
the jet became more pronounced. These wake-induced vortices
are apparently more pronounced for the hemispherical-tipped
centerbody than for the flat-tipped centerbody. Previous mea-
surements of the growth of wakes behind both axisymmetric35

and two-dimensional36 bodies support the present conclusion
that the observed far-field entrainment increases are the result
of enhancement of the wake-type vortices that form in the lee
of the centerbody.
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